
Pyramids



Server issues, extensions
• Sorry about the problems 
• Both panorama stitching problems sets will be 

delayed by two days  
(due on Fridays 10/24 and 11/7)



Image pyramid idea
• Process images at different resolutions 
• Operating independently at different scales enables 

many applications 
- Blending
- Denoising
- Tone mapping
- Analysis
- Compression
- Optical flow (motion analysis)
- Key points
- CNN & UNet



Original papers from the 80s
• Burt & Adelson ; Williams 

• Later and slightly different: wavelets



Two main families
Low pass
Each level is a lower 
resolution of the original

Band pass:
Only narrow frequencies 
per level



Gaussian pyramid



Laplacian pyramid

Essentially differences 
between levels of the 

Gaussian pyramid



Constructing a Laplacian Pyramid





Reconstructing the image



Questions?



Properties of Laplacian Pyramid
• Reasonably shift invariant 
• Overcomplete  

(more numbers than original image) 
• Close to Fourier decomposition but more local 

spatially 
- And thus less local in Fourier

• Isotropic 
- Reasonably rotation invariant
- No notion of direction
- No preferred direction



Other mutliresolution tools
• Wavelets 

- Tighter (not over complete) 
- Less Fourier-friendly
- Not shift invariant, not rotation invariant 
- Used a bunch for compression (JPEG 2000)

• Steerable pyramids 
- Add a notion of direction
- Even more over complete
- Very nicely shift/rotation invariant



Image 
blending



2-scale separation



Multiscale blending
• Proposed by Adelson and Burt 

- http://persci.mit.edu/pub_pdfs/spline83.pdf
• Simplified to two scales by Brown and Lowe 

- http://cs.bath.ac.uk/brown/papers/iccv2003.pdf(a) 40 of 80 images registered

(b) All 80 images registered

(c) Rendered with multi-band blending

Figure 3. Green College. This sequence was shot using the camera’s automatic mode, which allowed the aperture
and exposure time to vary, and the flash to fire on some images. Despite these changes in illumination, the SIFT
features match robustly and the multi-band blending strategy yields a seamless panorama. These 360° ⇥ 90° images
have been rendered in spherical coordinates (✓, �). The sequence consisted of 80 images all of which were matched
fully automatically with no user input, and a 4 ⇥ 80 = 320 parameter optimisation problem was solved for the final
registration. With 400⇥ 300 pixel input images and a 500⇥ 2000 pixel output panorama, the whole process ran in 197
seconds on a 2GHz PC.

A Multiresolution Spline with Application to Image Mosaics          •          227

Fig. 6. The spline applied to Landsat images of San Francisco. When the left half of Figure 6a is joined to the
right half of Figure 6b without a spline, the boundary is clearly visible (Figure 6c). No boundary is visible
when the multiresolution spline is used (Figure 6d).

age again. In this sense, the splining procedure by itself does not introduce             
image distortion. As shown in Figure 5, Wl extends twice the sample distance 2l           
on each side of the level l sample point. This is an appropriate transition distance          
for  splining  the  frequencies  represented  in  the  lth  pyramid  level.

3.2 Splining Regions of Arbitrary Shape
The steps outlined above can be generalized for constructing a mosaic from image  
regions of arbitrary shape. Again, we assume that the regions to be splined are   
contained in images A and B and that these completely overlap. As before, nodes          
of the Laplacian pyramids LA and LB for the component images will be combined         
to form the Laplacian pyramid LS  of the image mosaic S . We introduce an        
additional pyramid structure in order to determine which nodes of LS  should be          
taken from LA , which from LB, and which should be an average of the two. Let           
R  be a binary image of the same size as A  and B, in which all pixels inside the        
region of A  to be splined with B are 1 and all those outside the region are 0. The        
steps  of  the  multiresolution  spline  are  modified  as  follows  (on  page  230):

ACM Transactions on Graphics, Vol. 2, No. 4, October 1983.

http://persci.mit.edu/pub_pdfs/spline83.pdf
http://cs.bath.ac.uk/brown/papers/iccv2003.pdf


Pyramid blending
• Transition width proportional to pyramid level 
• Decompose mask with Gaussian (NOT 

Laplacian) Pyramid









Questions?



Exposure 
Fusion



Back to HDR tone mapping
• Kautz & Mertens 
• Idea: combine 

HDR merging & 
tone mapping 

• Similar to 
panorama 
blending 

• Just use previous 
technique
https://web.stanford.edu/class/cs231m/project-1/exposure-fusion.pdf 

https://web.stanford.edu/class/cs231m/project-1/exposure-fusion.pdf






HDR+ on Android
• http://static.googleusercontent.com/media/hdrplusdata.org/en//hdrplus.pdf 
• https://ai.googleblog.com/2018/02/introducing-hdr-burst-photography.html

http://static.googleusercontent.com/media/hdrplusdata.org/en//hdrplus.pdf


Tone mapping in HDR+
• Two virtual exposures 
• Only done on brightness (and then re-apply chroma 

ratios)



Pyramid 
Denoising



Pyramid coring/denoising
• Simoncelli & Adelson 
• https://www.cns.nyu.edu/pub/eero/

simoncelli96c.pdf 
• https://www.cns.nyu.edu/pub/lcv/

rajashekar08a.pdf

https://www.cns.nyu.edu/pub/lcv/rajashekar08a.pdf
https://www.cns.nyu.edu/pub/lcv/rajashekar08a.pdf


At a high/simplified level
• Construct Laplacian Pyramid 
• Clamp small pyramid coefficients to exactly 

zero 

• Removes noise in smooth areas 
• Preserves strong edges



Fancy Bayesian version
• Bayesian inference : infer value based on observation 

and prior information 
- Find solution based on optimizing probability, e.g. 

max likelihood



Fancy Bayesian version
• Bayesian inference : infer value based on observation 

and prior information 
- Find solution based on optimizing probability, e.g. 

max likelihood
• Likelihood term : output should be within noise value 

of input 
- Probability is a Gaussian on difference where sigma 

should be noise level
• Prior probability based on regularities in natural 

images 
• Main observation: most coefficients are zero







In the real world
• Pyramids also allow us to take into account 

human contrast sensitivity and other 
perceptual effects 

• People use cookbook recipes which allows 
them to subjectively tune visual quality 
- They like having different controls at different 

scales (unlike, say, bilateral filter)
• Used a ton on cell phones



Local 
Laplacian 
Filtering



Local Laplacian Filtering
• https://people.csail.mit.edu/sparis/publi/2011/

siggraph/ 
• https://people.csail.mit.edu/sparis/publi/2014/

tog/Aubry_14-Fast_Local_Laplacian_Filters.pdf 
•

https://people.csail.mit.edu/sparis/publi/2011/siggraph/
https://people.csail.mit.edu/sparis/publi/2011/siggraph/
https://people.csail.mit.edu/sparis/publi/2014/tog/Aubry_14-Fast_Local_Laplacian_Filters.pdf
https://people.csail.mit.edu/sparis/publi/2014/tog/Aubry_14-Fast_Local_Laplacian_Filters.pdf


Local Laplacian filtering
• Inspired by exposure fusion but for a single 

HDR input 
• Motivation: exposure fusion depends on the 

set of images and if you take too many of them 
the algorithm reduces to a very uniform image 

• Can be seen as generalization of pyramid 
denoising 

• Has replaced bilateral filtering in Adobe 
products



Local Laplacian Filters: 
Edge-aware Image Processing 

with a Laplacian Pyramid

Sylvain Paris, Adobe 
Samuel W. Hasinoff, Toyota Technological Institute at Chicago and MIT CSAIL 
Jan Kautz, University College London



Example Application: Increase Level of Detail

input
40



Naïve Solution: Boost High Frequencies

Halo ☹

unsharp mask
41



Taking Edges into Account for Halo-free Result

our result
42



Our Strategy: Local Adaptation
1. Generate an image that looks good for 

a small neighborhood 
– It may look bad elsewhere 

2. “Combine data from all neighborhoods”
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Example: Local Contrast Increase

input 44



Example: Local Contrast Increase

input 45



Example: Local Contrast Increase

input output with local contrast increased46



Simple Local S-shaped Curve

input

output

47



Unchanged ☹

Only Local Result Matters
• Artifacts appear elsewhere 
• Not a problem, we use  

only local data

output with local contrast increased

Flat ☹

The 
processed 
image only 
needs to 
look good 
locally
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Naïve Stitching

49

• Paste local results side by side? 
– Visible seams, artifacts… 
– Possible heuristics: vary patch size, 

smooth seams…  
– But ad hoc and brittle



Our Multi-scale Approach
• We build the Laplacian pyramid of the output 

coefficient by coefficient 

For each coefficient 
1. Generate “locally good” image 
2. Compute Laplacian pyramid of that image 
3. Copy coefficient to output pyramid 

50



Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image
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Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image
52



Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image “locally good” image
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Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image “locally good” imagepartial pyramid
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Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image partial pyramid

copy

“locally good” image
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Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image
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Illustration

level 2

level 1

level 0

Output 
Laplacian pyramid

input image partial pyramid

copy

“locally good” image
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Possible Nonlinearities
• Detail manipulation

σ σ
details enhancedg0 input image
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Possible Nonlinearities
• Detail manipulation

σ σ

g0 details reducedinput image
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Possible Nonlinearities
• Dynamic range manipulation

σ σ

g0 tone mappedinput image
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Possible Nonlinearities
• Can be combined, e.g. tone map + boost details

σ σ

g0 tone mapped + 
details enhanced

input image
61



Talk Outline
• Background and related work 
• Our algorithm 
• Analysis 
• Results
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Analysis
• Laplacian pyramids built with tiny kernels 

– Each Laplacian coefficient depends only  
on 9 × 9 Gaussian coefficients at same scale 

• Laplacian coefficients akin to 2nd 
derivatives
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Intuition for 1D Edge

• Decomposition for the sake of analysis only 
– We do not compute it in practice

=

Input signal
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Discontinuity

Intuition for 1D Edge

=

Input signal
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• Decomposition for the sake of analysis only 
– We do not compute it in practice



Discontinuity

Intuition for 1D Edge

= +

Input signal Texture
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• Decomposition for the sake of analysis only 
– We do not compute it in practice



Discontinuity

Intuition for 1D Edge

= + +

Input signal Texture Smooth
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• Decomposition for the sake of analysis only 
– We do not compute it in practice



Discontinuity

Intuition for 1D Edge

= + +

Input signal Texture Smooth 
Does not 

contribute to 
Lap. pyramid 
at that scale 
(d2/dx2=0) 68



Discontinuity

Ideal Texture Increase

Texture
Keep 

unchanged
Amplify

69



Our Texture Increase

“Locally good” 
version

Input signal
σ σ

σ
σ

user-defined 
parameter σ defines 
texture vs. edges 70

Local nonlinearity



Discontinuity 
Unaffected 

☺

Our Texture Increase

= + +

“Locally good” 
Only left side 

is affected

Texture 
Left side is ok, 
right side is not 



Smooth 
Does not 

contribute to 
Lap. pyramid 
at that scale 
(d2/dx2=0) 71



= + +

Smooth 
Does not 

contribute to 
Lap. pyramid 
at that scale 
(d2/dx2=0)

Discussion

Discontinuity 
Unaffected 

☺

“Locally good” 
Only left side 

is affected

Texture 
Left side is ok, 
right side is not 



Negligible 
because 

collocated with 
discontinuity 
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= + +

Smooth 
Does not 

contribute to 
Lap. pyramid 
at that scale 
(d2/dx2=0)

Discussi
on

Discontinuity 
Unaffected 

☺

“Locally good” 
Only left side 

is affected

Texture 
Left side is ok, 
right side is not 



Negligible 
because 

collocated with 
discontinuity 

Negligible 
because 

Gaussian kernel 
≈ 0
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= + +

Smooth 
Does not 

contribute to 
Lap. pyramid 
at that scale 
(d2/dx2=0)

Discussi
on

Negligible 
because 

collocated with 
discontinuity 

Negligible 
because 

Gaussian kernel 
≈ 0

Discontinuity 
Unaffected 

☺

“Locally good” 
Only left side 

is affected

Texture 
Left side is ok, 
right side is not 


74

Good approximation  
to ideal case overall  ☺ 

(formal treatment in 
paper)



Talk Outline
• Background and related work 
• Our algorithm 
• Analysis 
• Results
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Running Times
• Main shortcoming of the approach: it is slow 

– 1 megapixel in 1 minute 
– Can be sped up with heuristic (see paper) 

• Highly data parallel 
– 8 cores: 1 megapixel in 4 seconds
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Texture Manipulation 
Input

77



Texture Manipulation 
Decrease
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Texture Manipulation 
Small Increase
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Texture Manipulation 
Large Increase
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Texture Manipulation 
Input

81



Texture Manipulation 
Large Increase
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Compared to Bilateral Filter

tone mapped 
HDR image

close-up (bilateral 
filter)

close-up (our result)

Rim ☹
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Compared to Edge-avoiding Wavelets

tone mapped HDR image close-up  
(edge-avoiding 

wavelets) 
reproduced from 

[Fattal 09]

close-up (our 
result)

Aliasing ☹
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Naïve gamma compression
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Neutral rendition 
Smooth Gain Maps 
[Li et al. 2005] 
Parameters from the original paper
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Neutral rendition 
Weighted Least Squares  
[Farbman et al. 2008] 
Parameters set by the authors
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Neutral rendition 
Our result 
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Exaggerated rendition 
Smooth Gain Maps  
[Li et al. 2005] 
Parameters from the original paper

close-up

Halo ☹

Halo ☹

close-up

Limited 

details ☹ 89



Exaggerated rendition 
Weighted Least Squares  
[Farbman et al. 2008] 
Parameters set by the authors

close-up

close-up

Rim ☹

Rim ☹
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Exaggerated rendition 
Our result 
 

close-up

close-up
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Summary of Comparisons
• All methods do well on neutral renditions 
• Previous work exhibits halos for large 

increases in detail 
• Our approach produces clean results even 

on hard cases: no aliasing, no rims, no halos
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In Supplemental Material
• Extensive validation and comparison 

– No hand tuning: all results generated by a script 

• Matlab source code to reproduce the results
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Conclusions
• Laplacian pyramids good 

for edge-aware editing 
– Classical notion of multi-scale 
– Standard image resizing routines 

• Enables wider range of effects

HDR input (gamma compressed)

our result
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We would like to thank…
• Ted Adelson, Bill Freeman, Frédo Durand, and the MIT Graphics 

Group for their insightful discussion and feedback 
• The people who make their data available on the web 
• The authors of [Li et al. 05] and [Farbman et al. 08] who helped us 

compare to their work 
• The anonymous reviewers for their constructive comments 
• This work was supported in part by an NSERC Postdoctoral 

Fellowship, the Quanta T-Party, NGA NEGI-1582-04-0004, MURI Grant 
N00014-06-1- 0734, and gifts from Microsoft, Google, and Adobe
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Conclusions
• Laplacian pyramids good 

for edge-aware editing 
– Classical notion of multi-scale 
– Standard image resizing routines 

• Enables wider range of effects

HDR input (gamma compressed)

our result
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Next step : fast version
• Aubry et al.  
• Fredo’s favorite trick: discretize pixel values 
• https://people.csail.mit.edu/sparis/publi/2014/

tog/Aubry_14-Fast_Local_Laplacian_Filters.pdf 
•



Fast and accurate
• That is what is used at Adobe



Optical flow



Optical flow
• How do things move locally in image space 

over time 
• First introduce by psychologist Gibson (~1940)



Problem statement
• Estimate pixel motion from image at time t to 

t+1

https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_lecture19.pdf



Brightness constancy



Brightness constancy assumption







1D example



Aperture problem



Coarse to fine
• Motivation: Taylor expansion valid only for 

small motion 
• Reduce image resolution so that motion is 

small





Optical flow results



Video 
Magnification





Why It Amplifies Motion
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Differential Brightness Constancy
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Relating Temporal and Spatial Changes

115Space

In
te

ns
ity

0

𝐵(𝑥, 𝑡)

Implied 
Translation 

(𝟏 + 𝜶)𝜹

(1 + 𝑎)𝐵(𝑥, 𝑡)

 
(1st order Taylor expansion)


(𝟏 + 𝜶)𝑩(𝒙, 𝒕) ≈ (𝟏 + 𝜶)𝜹(𝒕)𝑰′￼(𝒙, 𝒕)

𝐼’(𝑥, 𝑡)

 
(1st order Taylor expansion)

𝑩(𝒙, 𝒕) ≈ 𝜹(𝒕)𝑰′￼(𝒙, 𝒕)



Multi-scale Processing
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Pyramids
• Original version: Laplacian pyramid 

- Works because motion is small and Taylor 
expansion arguments mean that amplifying 
intensity changes also amplifies movement (or 
any other complex change)

• New version: complex-valued steerable 
pyramids 
- Amplify phase changes
- Because sine waves diagonalize translations, 

and translation is a phase shift



Simplified Eulerian 
Video Magnification



Simplified Video Magnification

• Pyramid so far mostly used to avoid amplifying high spatial 
frequencies 
– where the approximation doesn’t work (motion) 
– where SNR is too bad (color) 

• Instead, we’ll use a simple low pass (Gaussian blur) 

• Temporal band pass filtering:  
– remove high frequencies 
– remove low frequencies 

• Perform this with Gaussians
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Approach 

• Input: Video (4D numpy array)
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Approach 

• Input: Video (4D numpy array) 
• Extract signal of interest 

– Spatial low pass (Gaussian blur) 
– Remove high frequencies: (Gaussian across time) 
– Subtract low frequencies: (Another Gaussian across time) 

• Amplify signal of interest, add back  
– Bell/whistle: filter in YUV and amplify Y differently from UV
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U-Net



U-Net
• Workhorse of deep learning and generative AI 
• In particular Denoising Diffusion Models



U-Net



Extra notes



• Laplacian Pyramids 
• Wavelets 
• Steerable Pyramids 

• UNet



• Image Fusion 
• Denoising 
• Local Laplacian Filtering 
• Motion Magnification 
• Mipmapping 
• Fast processing?  
• Coarse-to-fine (optical flow) 
• Hybrid images 
• UNet and coarsening 
• Compression 
• Texture synthesis


